European Scciety of Computational Methods
in Sciences and Engineering (ESCMSE)

Journal of Numeric al Analysis,
Industrial and Applie d Mathematics
(INAIAM)
vol. 2, no. 1-2, 2007, pp. 67-78
ISSN 1790{8140

Using Low-Rank Ensemble Kalman Filters for Data
Assimilation with High Dimensional Imp erfect Mo dels 1

|. Hoteit @, G. Trian tafyllou ;2 and G. Korres P 3

@ Scripps Institution of Oceanograply, La Jolla, CA, 92093-0230USA
b Hellenic Center for Marine Researt, P.O. Box 712, Anavissos19013,Greece

Received 23 March, 2006; acceptedin revised form 15 November, 2006

Abstract: Low-rank square-root Kalman lters were developed for the e cien t estimation
of the state of high dimensional dynamical systems. These Iters avoid the huge computa-
tional burden of the Kalman Iter by approximating the lter's error covariance matrices
by low-rank matrices. Accounting for model errors with these lters would cancelthe ben-
ets of the low-rank approximation as the insertion of the model error covariance matrix
in the Iter's equations increasesthe rank of the Iter's covariance matrices by the rank
of the model error after every forecast step, making the lter's computation cost again
prohibitiv e. This papers discussesthis problem and preserts seweral approachesto allow
the numerical implementation of an advanced low-rank ensenble Kalman Iter with high
dimensional imp erfect models. Numerical experiments were carried out to assesghe rele-
vance of these approaches with a realistic general circulation ocean model of the tropical
Pacic Ocean.
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1 Intro duction

Estimating the state of the atmosphereand the oceanis one of the major challengesin modern
science. Two main sourcesof information can be used for this purpose: numerical models based
on physical laws, and obsenations. A numerical model is by de nition an approximation of a real
dynamical system, and although atmospheric and oceanic models cortinue to improve, dierent
sourcesof errors, related to modeling approximations and/or uncertainties in the model parameters,
cannot be avoided. This leadsvery often to important di erences between models solutions and
reality. Similarly, atmospheric and oceanic obsenations are very scattered in spaceand time,
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68 I. Hoteit, G. Triantafyllou and G. Korres

and therefore are not enoughto obtain a clear picture of the state of these systems. It is know
recognizedthat the framework of data assimilation, which e cien tly combines dynamical models
and obsenations to make the best estimate of the state of a dynamical system, provides the most
promising way to accomplishthis task [8]. Potentially, the Kalman lter is oneof the most relevant

data assimilation schemessinceit recursively generatesthe optimal estimate, in the least-square
sense of the state of a Gaussianlinear systemgiven a setof measuremets [11]. The lter is further

very powerful in seweral aspects: it supports estimations of past, presen, and even future system
states, and it can do so even when the model and the measuremets are noisy.

Howewer, dynamical models describing the state of the atmosphereand the ocean are highly
nonlinear, and moreover their dimensionsare huge (  10). This makesthe use of the Kalman
Iter for data assimilation with realistic atmospheric and oceanic models very problematic, rst
becauseof its prohibitiv e computation costand, secondbecauseét is only optimal for linear models.
Simplied variants of the Kalman Iter were therefore dewveloped to avoid these problems. For
instance, the equations of nonlinear models are very often linearized about the current estimate,
which leadsto the popular but no longer optimal extendedKalman (EK) Iter. Nonlinear ensenble
techniquesbasedon Monte-Carlo methods werealsointro ducedto provide ensenle represenations
for the distribution of the Iter's estimates,aslinearization often intro ducesnoisewhen applied to
strongly nonlinear systems[4, 7]. Computational burden of the Iter werereducedto an acceptable
level by basically using low-rank approximations of the Iter's error covariance matrices [2, 6, 17,
13, 16).

The Kalman lter proceedsby incremertally correcting the discrepancybetween obsenations
and model prediction basedon prior information about uncertainties on the model and data. When
the model error is neglectedthe Iter trusts more the model and lessthe obsenations and this
may causethe divergenceof the Iter. Accounting for the model error in low-rank Kalman Iters
signi cantly increasesthe complexity of the assimilation problem since this implies a cortinuous
increasein the rank of the Iter's error covariance matrices. Hereafter we discussthis problem with
alow-rank ensenble Kalman Iter, calledthe Singular Evolutiv e Interpolated Kalman (SEIK) lter.
Cost-e ectiv e solutions are then presened and discussed.

The paper is organized as follows. The SEIK Iter is briey described in section 2. Section 3
presens dierent approacesto accourt for the model error with the SEIK Iter. Numerical
experimernts are described and their results comparedand discussedn section4. Finally, a general
discussionconcludesthe paper in section 5.

2 The SEIK Filter

The SEIK Iter is alow-rank ensenble Kalman lter which hasbeenintroducedby [14] for e cien t
data assimilation into high dimensional nonlinear systems using the framework of the Kalman
lter. It essetially consistsof (i) a nonlinear ensenble forecasting technique to allow the use of
the Kalman Iter with nonlinear models, and (ii) low-rank error covariance matrices to reducethe
prohibitiv e computational burden of the Kalman Iter. By construction, the SEIK lter is very
similar to the unscerted Kalman Iter [10] but requiresthe smallestnumber of ensenble menmbers
(lter's rank plus one), thus it hasan advantage in term of computation cost. The Iter hasbeen
successfullytested with several realistic physical and ecologicaloceanmodels by [9], [15], and [16].
The algorithm of the SEIK Iter is rst preseried for a model with perfect dynamics,

X (tk) Mi[X (tk 1)];
Yic Hi X (t)] + "k;

@)

where at time ty, X (tx) denotesthe state vector of dimensionN, Yy is the obsenation vector, M
and H are the transition and the obsenational operators, and " is the obsenational noise which
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Low-Rank Ensemble Kalman Filtering with Imp erfect Models 69

is assumedto be Gaussian of mean zero and covariance matrix Ry. Starting from the analysis
state X 2(tx) and a low-rank r analysis error covariance matrix P2 = L Uy LT, whereLy and Uy
are respectively of dimensionsN r andr r, the lter providesthe next analysis X 8(tx+1 ) at
time tx+1 assuccessiorof three steps(as summarizedin Figure 1):

1- Resampling step: A Monte-Carlo technique, called second-order exact sampling scheme
[14], is rst usedto sample a Gaussianensenble of analysis state vectors f X 2(tx)g;i with

distribution, i.e.

)l

X)) = py XA @
i=1
1

PR = g XA XAMIIXAM) XA @

i=1
This scheme generatesthe ensenble members X 2(tx) as follows. Let Cy be the Cholesky
decomgosition of U, *, one can write

P2(tk) = Lk(C, )T & «Cy 'Lk (4)

for any (r + 1) r random matrix ¢ with orthonormal columns and zero column sums.
Sudch a matrix can be drawn using the the Householdermatrices as described in [14]. One
can then easily verify that the ensenble members can be chosenas

p____
X2(t) = X2t )+ 1+ I kiC DT ()

where 1 denotesthe i™ row of | ;.
1- Forecast step: The dynamical model (1) is then usedto integrate the X 2(t) forward in time
By assumingthat this ensenble provides an approximation of the forecaststate distribution,

the forecaststate at time ty+1 is estimated as the mean of the forecast members

)(rl

L7 X 6)

r+ 1.
=1

X (tk) =

and the corresponding error covariance matrix with the sample covariance matrix of the
forecastmembers
x—l
P|I+1 = ——  [XP(tker) XAt )X P(teer) X2 (tien )] (7)
i=1
The above matrix can be always decomposedas
Pl = Liea [+ DTTT] "L ®)
where
Lisr = X1 (tkor)  X{og ()] T 9)

and T isa(r+ 1) r full rank orthogonal matrix with zero column sums.
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Analysis state and error covariance

X2 and P2
Analysis step to correct the forecast Resampling step using the :
i using the Kalman lter gain i second-orderexact sampling scheme
i =) | e, . "
Forecast members X =) : : Analysis members X &' such as

Forecast state and error covariance | < | Forecast step - _ ‘
X' = X7 and P' = Covxfi]| WM e modeli | Xal=x2 and Covx*]= P

Figure 1. A diagram summarizing the three stepsof the SEIK Iter to provide the analysis of the
model state vector.

2- Analysis step: When the new obsenations are available, the forecast state is corrected
using the Kalman Iter analysis step, which is re-written here to take into accourt the
decomposition of P.,, asin (7),

X2 (ts1) = X" (tesr ) + Grar [Yirr  Hirr X (tesn s (10)
wherethe Iter's gain matrix Gg+1 is de ned by
Gier = Liss ke (HL)ua Ryt (1)
and the matrix Ug.; is recursively updated by the formula
U = T+ DTTT + (LH )G Ry (HL ko s (12)

The lter's analysis is then only applied in the directions of Ly, hence Ly is called the
correction basis of the lter. Note that the obsenational operator Hy was also linearly
interpolated around the forecastmembersin the previous equation, i.e.

(HL)er = [HiX ] (tksr)  HiX (g (tien )] (13)
Finally, one can show that the analysiserror covariance matrix is given by
P?(tks1) = Lisa Uksn Ly - (14)

The error covariance matrices P; and P2 remain always of low-rank r, and further their
explicit computation is not neededfor the Iter's algorithm. Concerningthe Iter's compu-
tation cost, it is slightly higher than r + 1 times the computation cost of the numerical model,
which is the costof integrating the forecastensenble membersin time. The computation cost
of the remaining operations is being negligible. In numerical experimerts, r should be there-
fore chosenrelatively small when the lter is implemented with computationally demanding
atmospheric and oceanic models.
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3 Treating the Mo del Error in the SEIK Filter

In the Kalman Iter theory, the model error (tx) is assumedto be additiv e, Gaussianof meanzero
and covariance matrix Qy, and independent from the obsenational error. The dynamical model
(1) is then generally represened by

X (t) = M[X(tc 1]+ (t); (15)

with  (tx) ; N(0;Qk). As for the Kalman Iter, when the model error is not neglected, the
algorithm of the SEIK Iter remainsmostly unchanged. Only the ewolution equation of the forecast
error covariance matrix is replacedby

Pl = Lil(r + )TTT] LT + Qu: (16)

Therefore, P,I will not remain of low-rank r anymore if one accourts for uncertainties in the
model. Moreover, even if Qx was assumedof low-rank, the rank of P; will continuously grow
in time without any limit and computations becomevery quickly prohibitiv e. Indeed, under the
assumption Q of low-rank g, which meansthat Qx can be decomposedas Qx = NkBkaT, where
Nk and By are N gandqg g matrices, P; can be re-decommsedin (16) as

h i
P = LiLl;  with L= Li(r+ D)TTT]2 N B2 ; 17)

(=2 denotesthe Choleskydecomposition). This shawsthat P} becomesof rank r + g, and obviously
the lter's rank will increaseby q after every forecast step.

Hereafter we will assumethat Qg is known and of low-rank g, and presen three numerical
approadeswhich will allow us to avoid the problem of rank increasing, and therefore enable the
numerical implementation of the SEIK Iter with highly dimensionalimperfect models.

3.1 Re-appro ximation by a low-rank matrix

The most straightforward approad is to re-appraximate the forecast covariance matrix P,I by a
low-rank r matrix by applying a Singular Value Decomposition (SVD) on Ly after every forecast
step. More speci cally, we rst diagonalizethe (r + ) (r + ) matrix Ry = L] Ly as

Rk Vk = VkDx; (18)
where Dy is a diagonal matrix containing the eigenvalues ; 2 il r+q Of Ry and Vy is
a(r+ag (r+ g matrix with columnsthe eigenvectors assiated with 1;:::; +4. One can
then write

P/ = CkCf  with Oy = LWk (19)
Now if oneconsidersthat ,+1;:::; (+q arerelatively small, P,I can be re-appraximated by
Pi  CL(COT: (20)

whereC} isa N r matrix with columnsthe rst r columnsof Cy. In the update equation (12)
of Uy, the term (r + 1)TTT is then replaced by the identity matrix. Finally, two remarks can be
made: (i) at someforecaststeps,one can always chooseto increasethe rank of Pli (uptor + q) if

burden, and (ii) the previous re-appraximation can be applied to the analysis covariance matrix

sinceit might be more bene cial to derive the analysisin (10) while correcting the forecast using
the original correction directions L| .
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3.2 Projection on the lter correction basis

Another approac to keepthe low-rank of the Iter's covariance matrices invariant is to project
the model error onto the subspacespannedby the Iter correction basisL and then to neglectthe
orthogonal componert to Lk. This ideais supported by the fact that Ly represens the directions
of error growth of the model [14] and therefore one can expect that the latter componert will be
attenuated by the dynamics of the system. We therefore considerthe projection of (tx) on Ly,

"(te) = L(LgLi) "LE (te); (21)
which has a covariance matrix
Qk = Li(LiLi) "L Quli(Lil) 'Li: (22)

By neglectingthe orthogonal componert of (tx) to Lk in equation (16), the forecasterror covari-
ancematrix can be re-written as

Pl = LiUcL]; (23)
where
Ue=[(r+ DTTT] *+ (LiLi) "L Qubl(Lgly) (24)

The covariance matrix P|I will therefore remain of low rank r, and mainly no changesare needed
in the lter's algorithm. Only the update equation (12) of Uy is replacedby

U t=U '+ LEHIR, THI L (25)

3.3 Ensemble represen tation of the model error

The ideahereis to useMonte-Carlo methodsto provide ensenble represenation for the distribution
of the forecaststate in (16). This equation is actually the sameas

1 Xt
Po= =g DX ) XTmIX{ () X"+ Qe (26)
i=1
Assuming that an ensenble of r + 1 Gaussianvectors 1(tx);:::; r+1 (tk) represening the distri-

bution of the model error is available such as its meanis zero, its covariance matrix is Qx, and
independert from the forecastensentble merTberinf (tk), i.e.

) 1 el o ) 1 1 ; ) .
(i) =y 1|:1 i(tk) = 0; (i) 1 . i(te) ' (tk) = Q(tk); (27)
and
N—l
(i) (X () XTI = o (28)
i=1
By consideringthe new ensenble of forecast states
Xif; (tk) = Xif (te) + i (tk)s (29)
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one can easily show that this ensenble has mean X f (t) and sample covariance matrix P,I , l.e.

equation (26) can be re-written as

X—l

Py = X () XTEalX{ () X' (" (30)
k i k k i k k1l

which can be always decompsedinto

Pl =L [(r+ 1)TTT] *L)™; (31)
where the new correction directions are given by

L= XD () X[ ()] T 32)

and T isde ned asin the SEIK lter. P|I remainstherefore of low-rank r and is readily decomposed
asin (16) but with L, instead of L. This allows to move forward to the next analysis step asin
the SEIK Iter and no changesare neededin the lter's algorithm.

Finally, the ;(tx) can be sampled using a numerically e cient method called second-order
exact sampling schemeunder linear constraint which has beendewveloped by [14]. It is important
to note herethat this drawing is possibleif, and only if, the rank g of Qy, plus the rank r° of the
matrix

Ce= XT(t) XT(t) X[ () X7 ()] (33)

does not exceedthe number of columnsr of Ly, i.e. r® r . In practice, this condition is
obviously never ful lled sincethe matrix Cy is by construction of rank r. We therefore resort to
a SVD decomposition asin section 3.1 to approximate Cy by a matrix Ci of rank r  r© and we
only usethis approximation for the drawing of the '(tx).

4 Numerical Application

4.1 Ocean Mo del

We usedthe OceanPArall elise (OPA) model which wasdevelopedat the Laboratoire d'‘Oceanographie
DYnamique et de Climatologie (LODYC) to study large scale ocean circulation and is fully de-
scribed by [12]. This model solvesthe Navier-Stokesequationsin a z-coordinate formulation and is
operated herein a hydrostatic mode with arigid lid surface. The systemequationswerediscretized
using the certered second-order nite di erence approximation on a three dimensional generalized
\C-grid Arakawa" [1]. Time steppingis achieved usingtwo time-di erencing schemes:a basicleap-
frog schemeassaiated with an Asselin Iter for the non-di usiv e processesand a forward scheme
for the di usiv e terms. Sub-grid scalephysics are parameterized by a tracer di usiv e and viscous
operators of second-orderand eddy coe cien ts are computed from a turbulent closure model.

The model domain covers the ertire tropical Pacic basin extending from 120 E to 70 W,
and from 33 S to 33 N (as shown in Fig.2). It has a realistic bottom topography which was
obtained from the Levitus dataset with a maximum depth set at 4000m. The spatial resolution is
1 in longitude and variesin latitude from 0:5 at the equatorto 2 at the northern and southern
boundaries. The vertical resolution smoothly increasesfrom 10m at the surfaceto 1000m near the
bottom. The number of horizontal grid points is 171 59 on 25 vertical levels. The time step is
one hour. Two bu er zoneswere prescribed at the northern and southern boundariesand no-slip
conditions were applied on solid boundaries. Zero uxes of heat and salt, and non-slip conditions
are applied at solid boundaries. Forcing elds are composedof wind stress, heat and fresh water
uxes. They were interpolated every month from ECMWF analysis.
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Figure 2: First Empirical Orthogonal Function (EOF) for the SeaSurface Temperature.

The state vector of the Iter consists of the model state variables which are neededfor the
initialization of the model. OPA's state variables are zonal and meridional velocities (U and V),
salinity (S), temperature (T), and seasurfaceheight (SSH).

4.2 Exp erimen ts Setup

The choice of the lIter's initial state X and the corresponding low-rank error covariance matrix
Po was madethrough a simulation of the model. Starting from rest and seasonalS and T Levitus
climatology, the model was rst integrated from 1980to 1986in order to reach a statistically steady
state of mesoscaldurbulence. Another 4-year integration was next carried out from 1987to 1990
to generatea historical sequenceH s of 480 model realizations which were retained by saving one
state vector every 3 days. X and Py werethen taken asthe meanand the samplecovariance matrix
of Hs. A low-rank approximation of P, was then obtained by applying a multiv ariate empirical
orthogonal functions (EOF) analysis, alsoknown as principal componerts analysis(PCA), on Hs.
In this analysis the state variables were normalized by the inverse of the square-rat of their
domain-averagedvariances. The resulting rst EOF for the seasurfacetemperature is shown in
Fig.2. The rank was setto 30 sincethe rst 30 EOFs were found to resumemore than 85% of the
total varianceof Hg.

To test the Iter's behavior in presenceof model errors, we followed a twin-experiments ap-
proach. In this commonapproad, the \truth" is assumedto be provided by the model itself. This
is very conveniert for the preser study sinceit allows for a complete inter-comparison between
the dierent lter runs as all uncertain parameters are known by design. A referencerun was
therefore rst performed between 01=03=1991 and 10=10=1991to generatea set of 250 reference
states X | retained every day. Pseudo-obserations extracted from the X | are then assimilated
into a perturb ed model using the Iter in order to assesghe ability of the assimilation systemto
reconstruct the full states X}. Here, the SSHwas assumedto be obsened at the whole surface
with a nominal accuracy of 3cm. Gaussianrandom errors of mean zero and standard deviation
3cm werethen addedto the SSH pseudo-obserations. The model was perturb ed by starting from
the Iter's initial state and by adding Gaussiannoiseto the wind stress, which derives most of
the tropical Pacic currents. The variance of the wind noise was set as a fraction of the input
wind elds variance. To compute a low-rank approximation of the model error covariance matrix
Q, which we assumeto be invariant in time, the perturb ed model was integrated during the same
period asthe referencerun and then a multiv ariate EOF analysiswas performed on the di erences
betweenthe perturb ed states and the referencestates. The rank of this matrix wassetto 10. The
setup of the numerical experimerts is summarizein Table 4.2.
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State vector (U;V;S; T;SSH)

Initialization period 1980 ! 1986

EOFs period 1987 ! 1990

Assimilation period 01-03=1991 ! 10=10=1991
Perturb ed inputs Initial conditions and wind stress
Obsenations SSHewery day

Filter's rank 30

Model error's rank 10

Table 1: Table summarizing the twin-experiments setup.

4.3 Assimilation Results

The three sthemesto accourt for the model error in the SEIK lter; re-appraximation of the
forecast covariance matrix by a low-rank matrix (SEIK+Q1), projection of the model error on
the lter correction basis (SEIK+Q2), and use of ensenble represettation for the model error
(SEIK+Q3), wereimplemented as described in section 3. The overall lter's performanceswith
the di erent schemeswere evaluated by comparing their relative root meansquare(RRM S) errors
for eadh model state variable

KX X2k

RRM S = ——k k=
T RXE Xk

(34)

where X is the mean state of Hg. Thus the estimation error is relative to the free-run error since
the denominator represerts the error whenthere is no obsenation, and the analysisvector is simply
takenas X .

The ewlution of the RRM S asfunction of time asthey result from the three assimilation runs:
SEIK+Q1, SEIK+Q2, and SEIK+Q3, is rstly shown for the model tracers (temperature and
salinity) in Figure 3. The lter signicantly reducedthe estimation error of these state variables
after the rst Itering steps,then successfullymaintained it at a low-level over all the assimilation
period. All three schemeswere able to e cien tly Iter the model wind errors, providing good
estimatesfor the temperature and the salinity elds. Concerningthe velocity elds, the time evo-
lution of the RRM S shows alsoa strong decreasédn the estimation error after the rst assimilation
steps (Figure 4). Howewer, after roughly 6 months of Itering run, the RRM S starts to increase,
especially for the meridional componert asit results from the SEIK+Q1 and SEIK+Q1 runs. This
slightly unstable behavior of the velocity elds can be attributed to the baroclinic instabilities
assaiated with the tropical instability waves which are more pronouncedin the tropical Pacic
between August and November [3]. The inability of the Iter to follow this rapid changesin the
dynamics of the model suggeststhat larger ensenbles (or Iter's covariance matrices ranks) are
probably required to better represen the strong variabilit y of the velocity eld, which seemsto be
governed by small-scalesfeatures during this unstable period. Overall, the SEIK Iter performed
the best with the scheme consisting of the projection of the model error on the lIter's correction
basis (SEIK+Q2). The interpretation of this result should be however consideredvery carefully
since the design of the assimilation experimerts might have been particularly favorable for this
scheme. Indeed, the EOFs of the model error and of the Iter error were determined via the
model itself, meaning that they probably had similar structures by construction, as they repre-
sert dynamical variations from the samemodel. Re-appraximating the error covariance matrix
(SEIK+Q1) by ar-rank matrix after every forecaststepis showvn to weaken the represetativ eness
of the lIter's correction directions. Furthermore it introducesnoisein the Iter, which were also
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Figure 3: Evolution of the RRM S asfunction of time for the temperature and the salinity asthey
result from the SEIK with the three di erent sthemesto treat the model error: re-appraximation by
a low-rank matrix (SEIK+Q1, dashedcurve), projection on the Iter correction basis(SEIK+Q2,
solid curve), and ensenble represertation (SEIK+Q3, bold solid curve).
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Figure 4: Evolution of the RRM S as function of time for the zonal and meridional componerts
of the velocity eld asthey result from the SEIK with the three dierent schemesto treat the
model error: re-appraximation by a low-rank matrix (SEIK+Q1, dashedcurve), projection on the
Iter correction basis(SEIK+Q2, solid curve), and ensenble represettation (SEIK+Q3, bold solid

curve).
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partly responsible for the degradation of the lter's performance. Finally, the performance of the
scheme basedon the use of ensenble represenation (SEIK+Q3) was satisfactory and shows that
Monte-Carlo techniquescan be e cien tly usedto account for the model error with Kalman lters
methods.

5 Discussion

Kalman Iters conmbine a forecastproducedby a dynamical model with obsenations to provide an
estimate of the model state accordingto their respective accuracy For most numerical dynamical
systems,model forecastsare always spoiled by noisethat might be introduced by di erent sources
of errors (numerical, dynamical, inputs, etc). Taking into accourt these errors is essetial to
obtain reliable estimates of the model state. Kalman lters treat the model error by integrating
its covariance matrix with the ewlution equation of the forecast error covariance matrix, while
assumingthat it is Gaussianand non-biased(mean zero). Two major di culties arise when this
theory is applied with highly dimensional systems,asin meteorology and oceanograply where the
dimension of the state vector can be at least of the order of 10’. The rst dicult y is obviously
related to memory storage problems due to the huge size of the system. The seconddi cult vy is
assaiated with the low-rank error covariance matrices assumption neededfor the Kalman Iters
to allow their numerical implementation with thesesystems,sincethe inclusion of the model error
increasesthe lters rank after every forecast step.

In this paper, we presenied three di erent approacesto treat the model error with an advanced
low-rank ensenble Kalman lter, calledSEIK Iter. Theseapproatesare basedon the assumption
of low-rank model error covariance matrix together with, (i) re-approximation of the forecast
covariance by a low-rank matrix, (ii) projection of the model error on the lter correction basis,
and (iii) use of ensenble represenation for the model error. The relevance of these methods
was assessedy studying and comparing their performanceswith a realistic con guration of an
ocean general circulation model in the tropical Paci ¢ Ocean. It was found that the SEIK Iter
performance was e cien t when model dynamics errors are not negligible, providing satisfactory
estimates of the state of the system. The results of all three approates were also comparable,
except for the velocity elds for which method (i) was better for Itering the model errors. It was
however noted that the conclusionsshould be consideredcarefully asthe designof our numerical
experiments was more favorable for this method.

More assimilation experiments with real data are still neededfor further assessmenof the
relevanceof thesemethods. In this case,however, the covariance matrix of the model error, which
hasto be estimated with precisionasthe optimality of the Kalman Iters, dependson the validity
of the statistical assumptionsmade on this error, is usually poorly known, and thusits coe cien ts
needto be estimated. The estimation of this huge number of parametersis impossiblein practice
becauseof the cruel lack of obsenations which only allows a rather limited comparison between
the numerical model and obsenations. Appropriate parameterization of the model error seemsto
be the only way to reducethe size of this problem. Approachesbasedon \adaptiv e methods" or
\join t state-parametersestimation methods" can then be usedfor the estimation of the unknown
parameters.
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