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2 I. HOTEIT
onvergen
e rate of the SA algorithm. This is a
hieved through a proper orthogonal de
omposition(POD). The new approa
h was implemented with a realisti
 eddy-permitting 
on�guration of theMassa
husetts Institute of Te
hnology general 
ir
ulation model (MITg
m) of the tropi
al Pa
i�
O
ean. Numeri
al results indi
ate that the redu
ed-order simulated annealing approa
h was able toeÆ
iently redu
e the 
ost fun
tion with a reasonable number of fun
tion evaluations.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 31. INTRODUCTIONFour dimensional variational data assimilation (4D-VAR) is widely used in meteorology ando
eanography for estimating the model state and poorly known parameters [11, 47℄. It isequivalent to the �xed-interval smoothing problem in the 
ontrol literature. The basi
 idea ofthis approa
h is to �nd the model traje
tory that best �ts available observations over a givenperiod of time, while adjusting a well-
hosen set of un
ertain model parameters, 
alled 
ontrolvariables. A 
ost fun
tion J, measuring the dis
repan
y between the observations and their
ounterparts des
ribed by a numeri
al model, is �rst de�ned. The 4D-VAR problem then seeksfor the minimum of J with respe
t to the 
ontrol variables, while the dynami
s des
ribing thetemporal evolution of the model state variables a
t as a set of strong 
onstraints, i.e. they areful�lled exa
tly. Optimization methods are then used to minimize the 
ost fun
tion J withrespe
t to the 
hosen set of 
ontrol variables.Be
ause of the 
omplexity of the 4D-VAR problem in meteorology and o
eanography,the variational equations are solved impli
itly and iteratively in pra
ti
e, employing thegradients of the 
ost fun
tion and an optimization algorithm [47℄. The adjoint method is
omputationally the most eÆ
ient method to determine the gradients - this is known asreverse-mode di�erentiation [22℄. It provides this information at the 
ost of a few modelintegrations, while integrating the adjoint of the tangent linear model ba
kward in time [22℄.The optimization is then 
arried out using gradient-based des
ent algorithms, su
h as `quasi-Newton' or `
onjugate gradient', whi
h are 
hara
terized by fast 
onvergen
e rates at the riskof 
onverging toward the 
losest lo
al minima [47℄.The use of the adjoint method for data assimilation with nonlinear models 
an beproblemati
. When the model is suÆ
iently nonlinear, the 
ost fun
tion be
omes non-
onvex, implying the existen
e of multiple lo
al minima [26, 35℄. This may prevent signi�
antCopyright 
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4 I. HOTEITredu
tion in the 
ost fun
tion when using a gradient des
ent optimization algorithm, asthese algorithms are only designed to 
onverge toward lo
al minima. Re
ently, several studiesreported exponentially growing sensitivities in the adjoint model (e.g. [15, 19, 21, 49℄). Thesesmall-s
ale but strong gradients indi
ate the presen
e of many small-amplitude but tightlypa
ked extrema [19℄. Sensitivities grow exponentially large in the adjoint model be
ause thelinearized model la
ks the nonlinear intera
tions that otherwise slow or stop the exponentialgrowth on
e the perturbations rea
h �nite amplitude [49℄. These strong linear sensitivities,whi
h have been asso
iated with rapidly-growing perturbations (\intrinsi
 variability") thatare not easily predi
table or 
ontrollable by the system, invalidate the use of the gradient fordes
ent [15, 19℄. Of 
ourse, one 
an always apply the 4DVAR assimilation over short periodsin whi
h the linear approximation holds. However, this would only hide the problem, but donot address it. Splitting the assimilation window into small periods means less informationfrom the observation to estimate the poorly observed state of the o
ean and the atmosphere.This would also lead to dynami
ally dis
ontinuous state estimates with initial 
onditions not
onsistent with the state estimate at the end of the previous assimilation window. These issuesare even more pronoun
ed with strongly nonlinear high resolution models where the adjointgradients 
an only be useful over very short periods where the linear approximation holds.Several approa
hes have been proposed to extend the limits of the adjoint method in thepresen
e of strong nonlinearities by basi
ally repla
ing the original unstable adjoint model withthe adjoint of a tangent linear model whi
h has been modi�ed to be stable. This involves asimpli�
ation of the original tangent linear model and is usually obtained by omitting stronglyunstable modes [15, 19, 49℄. The gradients 
al
ulated by the modi�ed adjoint do not \see"the se
ondary minima and approximate the full gradients to the envelope of the 
ost fun
tion.The omission of strongly nonlinear variations in the adjoint model inevitably leads to loss ofCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 5a

ura
y in the 4D-VAR solution. In this study we will resort to a di�erent approa
h to ta
klea strongly nonlinear 4D-VAR problem by employing a global optimization te
hnique, namely aSimulated Annealing (SA) algorithm. SA is a very powerful tool of 
ombinatorial minimizationin the presen
e of several lo
al minima [18℄. Its 
on
ept is based on the manner in whi
h ametal is `annealed' in order to in
rease its strength; when a metal is 
ooled slowly, it freezes intothe minimum-energy 
rystalline stru
ture. This optimization te
hnique is generally quite easyto implement and, more importantly, does not require the development of an adjoint model.Spe
i�
ally, an SA algorithm sear
hes about randomly in the 
ontrol spa
e looking for thesolution that minimizes the value of a 
ost fun
tion. Thus, only evaluations of the 
ost fun
tionare required for the algorithm. Be
ause of its sto
hasti
 nature, a SA algorithm is independentof the analyti
al properties of the 
ost fun
tion and of the start point of the optimization,unlike gradient-based optimization te
hniques. Several studies su

essfully resorted to SA tosolve di�erent low-dimensional nonlinear 4D-VAR problems. Examples of appli
ations of SAto 4D-VAR problems in physi
al o
eanography are [1, 20℄, in marine e
osystems [16, 27, 44℄,and in hydrology [33℄.The 
onvergen
e rate of an SA algorithm is largely determined by the parameters of the\annealing pro
ess" [37℄. In this study, an SA algorithm developed by [12℄, whi
h employs aneÆ
ient method to explore the solution spa
e, was adopted. This algorithm was shown to bequite performant with mid-size optimization problems [12℄. The portability of this algorithmto realisti
 4D-VAR o
eani
 and atmospheri
 problems is not feasible, however, be
ause of thehuge dimension of the 
ontrol ve
tor usually 
onsidered in these systems, typi
ally of the orderof 107 � 108. Giving that only few (tens to hundreds) 
ost fun
tion evaluations are allowedin su
h systems, as the numeri
al integration of realisti
 o
eani
 and atmospheri
 numeri
almodels 
an be quite expensive, a drasti
 redu
tion of the dimension of the sear
h spa
e isCopyright 
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6 I. HOTEITunavoidable.One way to improve the 
onvergen
e rate of an optimization is to 
arry it in a smallerdimensional subspa
e. This is the idea behind the linearly-equivalent dual formulation (also
alled the Physi
al-spa
e Statisti
al Analysis System (PSAS)y) of the variational adjointapproa
h [7℄, whi
h 
onsists of performing sear
hes for the optimum solution in the data spa
erather than the large 
ontrol spa
e. However, given the large - and ever in
reasing - numberof observations now available, the bene�ts of the dual approa
h are be
oming rather limited.Another way to redu
e the dimensions of the line sear
h is to proje
t the 
ontrol ve
tor ontoa subspa
e of mu
h smaller dimensions through an order-redu
tion. O� 
ourse, this entailsan approximation whi
h generally redu
es the performan
e of the optimization be
ause of therestri
ted number of allowed line sear
h dire
tions. However, as argued by several authors[3, 5, 8, 14, 39, 45℄ who applied order-redu
tion to speed-up the 
onvergen
e rate of adjoint-based 4D-VAR problems, this loss of a

ura
y 
an be rather limited subje
t to the availabilityof a suÆ
iently representative redu
ed 
ontrol spa
e. Another advantage of order-redu
tion isthat it prevents the model from �tting model noise and observational errors [14℄. In this study,we follow several previous studies [3, 8, 14, 39℄ and we use a Proper Orthogonal De
omposition(POD), better known in meteorology and o
eanography as Empiri
al Orthogonal Fun
tion(EOF) analysis, to determine the redu
ed-order 
ontrol spa
e for our problem.The redu
ed-order simulated annealing 4D-VAR approa
h was implemented in a realisti
high resolution setting of the Massa
husetts Institute of Te
hnology General Cir
ulation Model(MITg
m) of the tropi
al Pa
i�
 O
ean. This method was used to bring the MITg
m modelinto more 
onsisten
y with di�erent real data sets while adjusting the model initial 
onditions.yThe PSAS algorithm is equivalent to the indire
t representer method [2℄.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 7The paper is organized as follows: Se
tion 2 des
ribes the 4D-VAR redu
ed-order simulatedannealing approa
h. Se
tion 3 presents the implementation of the te
hnique in the MITg
mand analyzes the assimilation results of numeri
al experiments. Se
tion 4 summarizes anddis
usses the results of this study.2. THE ASSIMILATION METHOD2.1. The 4D-VAR problemAssuming that the model physi
s are a

urate, the model state 
an in prin
iple be broughtinto agreement, within error estimates, with the observations by adjusting an identi�able setof model parameters. This 
an be posed as the minimization of a 
ost fun
tion measuring thedis
repan
y between the model solution and observations over a spe
i�ed period of time and
onstrained by the model equations subje
t to a set of 
ontrol variables. In its general form,the obje
tive (
ost) fun
tion 
onsists of a weighted sum of quadrati
 norms of model-datamis�t (Jobs) and 
hanges to the 
ontrol variables (J
) between the initial time (t0) and the�nal time (tf ) of the assimilation window,J(
) = tfXt=t0 �y(t)�Ht(x(t))�TR�1t �y(t)�Ht(x(t))�| {z }Jobs+ tfXt=t0 �
(t)� 
b(t)�TB�1t �
(t) � 
b(t)�| {z }J
 ; (1)where x(t) is the model state ve
tor at time t whi
h evolves in time a

ording to the dynami
almodel x(t+ 1) =Mt+1;t�x(t)�; (2)Copyright 
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8 I. HOTEITand 
b(t) a �rst guess (or \ba
kground") representing a priori information about the unknown
ontrol ve
tor 
(t) at time t. 
 may represent un
ertainties in the model parameters, theexternal for
ing �elds, and the internal model physi
s whi
h fully 
ontrol the evolution of themodel state. The ve
tor y(t) 
ontains all observations available at time t and is related to themodel state a

ording to y(t) = Ht�x(t)� + "(t); (3)where Ht is the observation operator and "(t) represents the asso
iated measurement errors.Rt and Bt are weight matri
es, usually taken as the inverse of the 
ovarian
e matri
es of theobservational and the 
ontrol (ba
kground) un
ertainties, respe
tively. In the formulation of(1), it is impli
itly assumed that the errors in the 
ontrol ve
tor are un
orrelated with theobservation errors, and that both errors are mutually un
orrelated in time. This formulationof the 4D-VAR problem is 
ommonly known as the \strong-
onstraint 4D-VAR" be
ause themodel equations are imposed as a strong 
onstraint in the optimization of J. The \weak-
onstraint" formulation allows for a model error (generally additive) in (2), whi
h is thenestimated as part of the 
ontrol ve
tor [2℄.In this diagnosti
 study, as in most 4D-VAR appli
ations, we adjust only the initial
onditions x0 in order to improve the 
onsisten
y between the model and the data. In this
ase, the 
ost fun
tion simpli�es toJ(X0) = tfXt=t0 �y(t)�Ht(x(t))℄TR�1t �y(t)�Ht(x(t))� + �x0 � xb0�TB�10 �x0 � xb0�: (4)The implementation of the approa
h with more 
ontrol variables is similar and does notrequire any noti
eable modi�
ation, subje
t to the availability of a redu
ed-order subspa
ethat suÆ
iently represents the variability of the 
ontrol variables [14℄.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 92.2. The simulated annealing algorithmSimulated annealing (SA) is a Monte Carlo sampling te
hnique to �nd the solution to a globaloptimization problem by trying random variations of the 
urrent solution [18℄. It has its originin the manner in whi
h metals re
rystallize in the pro
ess of annealing. When a heated metalis 
ooled very slowly, it freezes at the minimum-energy 
rystalline stru
ture. Spe
i�
ally, anSA algorithm moves about randomly looking for a solution in the optimization spa
e thatminimizes an obje
tive fun
tion, say J. A given move may 
ause J to de
rease or to in
rease.Moves that de
rease the value of J are always a

epted. Moves that in
rease the value of Jare only a

epted with probability p = e�=T , where � is the 
hange in the value of J and T isa 
ontrol parameter 
alled temperature. The allowan
e for \uphill" moves helps the methodto avoid being trapped in a lo
al minima. SA algorithms usually start with large temperatureT to allow uphill moves with large probabilities. T is then gradually de
reased as the sear
hprogresses until the probability of a

epting a move that in
reases the obje
tive 
ost fun
tionbe
omes very unlikely.Several SA algorithms have been introdu
ed [37, 43℄. In the present study, we adopt theSA algorithm proposed by [6℄, whi
h was su

essfully tested with various multidimensionaloptimization problems [12℄. In this algorithm, an evaluation of the obje
tive fun
tion J is �rstmade at the starting point 
 of the 
ontrol spa
e and its value J(
) is re
orded. Next, a new
ontrol ve
tor 
0 is sampled by varying 
 a

ording to a 
hosen step length v, 
0 = 
 + � � v,where � is a uniformly distributed random number from [�1 1℄. If J(
0) is less than J(
),
0 is a

epted, 
 is set to 
0, and the algorithm moves downhill. If J(
0) is greater than orequal to J(
), 
0 is only a

epted if e[(J(
0)�J(
)℄=T is greater than a uniformly distributednumber from [0 1℄. Periodi
ally, ea
h element of the step length v is adjusted so that half of allfun
tion evaluations in that dire
tion are a

epted. A fall in temperature is imposed with anCopyright 
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10 I. HOTEITexponential 
ooling, Ti+1 = �Ti, where i is the ith iteration and 0 < � < 1. As the temperaturede
lines, uphill moves are less likely to be a

epted, and the number of reje
tions rises. As aresult, the step lengths de
line, given the s
heme for their sele
tion. Hen
e, this SA algorithmfo
uses upon the most promising area for optimization. The algorithm terminates either whenthe temperature rea
hes some �nal value, Tf , or when some other stopping 
riterion has beenmet.2.3. Order redu
tion in 4D-VARSimulated annealing provides less sensitivity to nonlinearity than a gradient-based optimizationalgorithm at the 
ost of an in
rease in exe
ution time for a single run of the algorithm [12℄.The number of iterations required for the 
onvergen
e of an SA depends upon the dimensionof the optimization problem. In meteorology and o
eanography, the dimension of the 
ontrolve
tor is of the order of 107�108. The use of SA to solve the 4D-VAR problem seems thereforeimpra
ti
al for these systems.The physi
al variables of atmospheri
 and o
eani
 models are of high dimension more fornumeri
al a

ura
y than for physi
al variability dimensionality. The dissipative and drivennature of these geophysi
al 
uid systems 
on
entrates the energy at large s
ales, meaninga red spe
trum of variability [9℄, or, for others, suggests the existen
e of a low-dimensionalattra
tor [24, 34℄. In pra
ti
e, a red spe
trum is often indistinguishable from a low-dimensionalattra
tor and both 
an be eÆ
iently des
ribed by a small number of fun
tions (or modes)[32, 46℄. In other words, this means that the state of the atmospheri
 and o
eani
 models
an be a

urately modeled in a severely redu
ed dimensional subspa
e relative to their phasespa
e. Applying the optimization in a redu
ed subspa
e drasti
ally redu
es the dimension ofthe line sear
h of the optimization, whi
h enables the implementation of an SA algorithmCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 11for atmospheri
 and o
eani
 4D-VAR problems. Order redu
tion enfor
es a smooth 
ontrolve
tor be
ause the line sear
h is only made along some leading modes of the ba
kground
ovarian
e matrix [24℄. Smoothness in the 
ontrol ve
tor is produ
ed by assuming relativelylarge spatial s
ales for the un
ertainty of the physi
al quantity of interest. This means that the
ost fun
tion will be less irregular in the redu
ed spa
e with less lo
al minima. This simpli�esthe optimization problem and in
reases the likelihood of adjusting the large s
ale variability ofthe 
ontrol ve
tor. Moreover, this attenuates the 
ompensation of model errors into the 
ontroladjustments and helps preventing the model from �tting observational noise [14℄.Assuming that a set of r fun
tions E = fe1; : : : ; erg des
ribing most of the variability of the
ontrol ve
tor of a 4D-VAR problem has been determined, the 
ontrol ve
tor, of dimension n,
an be represented as 
 � rXi=1 ~
iei = E~
: (5)The idea is then to 
arry out the optimization with respe
t to the r 
oordinates of the 
ontrolve
tor in the redu
ed-order spa
e ~
 = (~
0; : : : ; ~
r), rather than the original ve
tor 
. Thedimension of this new 
ontrol spa
e is therefore equal to the number of fun
tions, r, retained in(5). In atmospheri
 and o
eani
 appli
ations, only a few modes (in the order of 10) are neededto a

urately des
ribe most of the variability of interest. Thus the use of an SA algorithmbe
omes feasible. Starting from a �rst-guess of the redu
ed 
ontrol ve
tor ~
, the full 
ontrolve
tor 
 is �rst re
overed using (5). The model (2) is then integrated forward to 
ompute the
orresponding 
ost fun
tion J(~
) as in (1). Following the same steps, another evaluation ofthe 
ost fun
tion ~
0 at an r-dimension ve
tor ~
0 randomly sampled as des
ribed in the SAalgorithm in se
tion 2.2. If ~
0 is a

epted by the SA algorithm, then ~
 is set to ~
0. If not, ~
0 isreje
ted. The SA is then re-iterated until some stopping 
riterion is met.Representing the 
ontrol ve
tor in a redu
ed-order subspa
e impli
itly assumes that theCopyright 
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12 I. HOTEITba
kground 
ovarian
e matrix is of low-rank. This is a straightforward result from (5).Inversely, order-redu
tion in 4D-VAR 
an be implemented as well through the use of a low-rank ba
kground error 
ovarian
e matrix B0 whi
h determines the e�e
tive dimension of theminimization problem [4, 10℄. This 
an be easily demonstrated by de
omposing the n � nba
kground 
ovarian
e matrix B0 as B0 = EET and 
onsidering the transformation
 = Ed; (6)where E is a n � r matrix. The ba
kground term of the 
ost fun
tion 
an simply be writtenas J
 = ddT , whi
h means that the minimization 
an be 
ondu
ted with respe
t to d ratherthan 
. This further greatly enhan
es the pre
onditioning of the optimization problem [7℄.The overall performan
e of a 4D-VAR system greatly depends on the spe
i�
ation of theba
kground error 
ovarian
e matrix B0, as it determines the real dimension of the problemand the importan
e of the ba
kground term J
 in the total 
ost fun
tion J. It is, however,very diÆ
ult to determine an a

urate estimate of B0 be
ause of its huge size and the la
k ofobservations. In the present study, we assume the ba
kground 
ovarian
e matrix of low rank,whi
h is equivalent to parameterizing B0 in a redu
ed-order subspa
e, and the 
hallenge is todetermine a good set of basis fun
tions E. A good 
hoi
e of E is one that des
ribes most ofthe variability of of the 
ontrol ve
tor using the minimum number of basis fun
tions. Commonte
hniques are dynami
al normal modes or singular ve
tors [3℄, empiri
al modes or EOFs[36℄, modes based on a series of transformations based on temporal, verti
al, and horizontal�lters [30℄. Fast Fourier and Wavelet transforms are also alternatives for 
onstru
ting a low-dimensional approximation of the 
ontrol ve
tor.In this study, the very popular EOF (or POD) approa
h has been adopted be
ause it leadsto a drasti
 redu
tion in the system dimension. This approa
h has already been su

essfullyused in many previous studies in the 
ontext of the adjoint method, e.g. [3, 8, 10, 14, 39℄.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 13The EOF analysis is a statisti
al te
hnique designed to extra
t the dominant spatial patterns(or gravest modes) of a system that explain the greatest amount of variability from a set ofsystem realizations. These modes are obtained by applying an eigenvalue de
omposition tothe sample 
ovarian
e matrix of the system realizations. The dominant modes are those feweigenve
tors asso
iated with the largest eigenvalues. An exhaustive dis
ussion of this te
hnique
an be found in [36℄. Adjusting primarily the 
ontrol variables in the dire
tions of the gravestmodes of the 
ontrol spa
e, whi
h 
arry a sizeable amount of the 
ontrol varian
e in spa
e andtime, is expe
ted to improve the system 
apability for spreading the information 
ontained inthe observations, and therefore to enhan
e the performan
e of the optimization pro
edure.
3. NUMERICAL APPLICATION AND RESULTS3.1. The o
ean modelTo test the redu
ed-order SA approa
h for providing a reasonable solution of the 4D-VARproblem, we investigate a realisti
 eddy-permitting 
on�guration of the MITg
m in the tropi
alPa
i�
. The MITg
m is a general 
ir
ulation model developed at the Massa
husetts Instituteof Te
hnology (MIT) to support o
ean general 
ir
ulation studies over a broad range ofs
ales and physi
al pro
esses [28℄. It is based on the primitive (Navier-Sto
kes) equationson a sphere under the Boussinesq approximation. The equations are written in z-
oordinatesand dis
retized using the 
entered se
ond order �nite di�eren
es approximation in a staggered\Arakawa C-grid". The MITg
m was used by [42℄ to produ
e the �rst 2Æ � 2Æ global stateestimation of the o
ean 
ir
ulation (ECCO).The regional domain in
ludes the entire tropi
al Pa
i�
, extending from 26ÆS to 26ÆN andfrom 104ÆE to 68ÆW. The model was set up on a 1=3Æ � 1=3Æ horizontal grid and 39 verti
alCopyright 
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14 I. HOTEITlevels. The verti
al levels are spa
ed at 10m from the surfa
e to 250m in depth, with spa
inggradually in
reasing to 300m below. The time step is 1 hour. The bathymetry is extra
tedfrom the global topography prepared by [40℄ and adjusted slightly to leave the Indonesianthrough
ow (ITF) pathways open and to limit the maximum depth to 6000m. The modeloperated in a hydrostati
 mode with an impli
it free surfa
e. No-slip 
onditions are imposedat the lateral boundaries while bottom fri
tion is quadrati
 with a drag 
oeÆ
ient equal to0:002. The sub-grid s
ale physi
s is a tra
er di�usive operator of se
ond order in the verti
al,with the eddy 
oeÆ
ients determined by the K-pro�le parameterization (KPP) model. Inthe horizontal, di�usive and vis
ous operators are respe
tively of se
ond and fourth order with
oeÆ
ients 5�102 m2/s and 1�1011 m4/s. Verti
al di�usivity and vis
osity are parameterizedby Lapla
ian mixing with values 1� 10�6 m2/s and 1� 10�4 m2/s, respe
tively.Open boundaries (OB) are set at 26ÆS and 26ÆN, as well as at four straits in the Indonesianthrough
ow. The OB are implemented as in [48℄. Temperature (T) and salinity (S) and thehorizontal 
omponents of the velo
ity (U and V) are spe
i�ed on the boundary. A smoothtransition to the pres
ribed 
onditions at the boundaries is a
hieved by a sponge layer inwhi
h the model solution is relaxed to the boundary values. Monthly mean values, extra
tedfrom the ECCO global o
ean state estimates and 
entered on the 15th of ea
h month, werepres
ribed at the grid points just outside the OB and the model solution is relaxed to thesevalues within a bu�er zone of 3Æ over time s
ales varying linearly from 1 day at the boundaryand 40 days at the edge of the zone. The normal velo
ity �elds a
ross the open boundarieshave been further adjusted to enfor
e the same transport at 26ÆN and 26ÆS as in the globalECCO model, and to exa
tly balan
e the volume 
ux into the domain by the transport out inthe ITF.Atmospheri
 for
ing 
onsists of daily heat and fresh water 
uxes, and zonal and meridionalCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 15wind stress 
omponents extra
ted from the ECCO global for
ing estimates. The ECCOfor
ings are the NCEP for
ings (from the National Centers for Environmental Predi
tion(NCEP)/National Center for Atmospheri
 Resear
h (NCAR) re-analysis proje
t [17℄), adjustedby a variational 2Æ � 2Æ global state estimation pro
edure [42℄. The ECCO for
ings werelinearly interpolated over the grid of tropi
al Pa
i�
 model. The model is initialized from restand Levitus temperature and salinity �elds. It is then integrated for a one-month period togesotrophi
ally adjust the velo
ity �elds to the Levitus initial 
onditions. The model is startedfrom the �elds obtained at the end of this one-month integration.3.2. Experiments setupIn this test of the redu
ed order SA approa
h, the model was 
onstrained with sea surfa
e heightmeasurements (SSH) and T and S 
limatologies over a 4-month period between January andApril, 1999. SSH measurements were provided by the TOPEX/POSEIDON (TP) altimetrymission. To eliminate errors asso
iated with un
ertainties in the geoid, the mean SSH andtime-varying SSH 0 
omponents of the SSH data were 
onsidered separately. The mapped1999 TP mean SSH minus the Earth Gravitational Model 1996 (EGM96) geoid [23℄ hasbeen used to 
onstrain the mean model SSH during the assimilation. For the time-varying
omponent, along-tra
k daily TP data obtained from NASA's PO-DAAC at JPL and pro
essedas des
ribed by [41℄ were �t at the observation points. Although o
ean 
limatologies are notusually 
onsidered \observations", they provide a pre-smoothed analysis of observations andthey 
an be used to 
onstrain the model solution. Here, the Levitus 
limatology of monthlymean T and S [25℄, and the Reynolds monthly sea surfa
e temperature (SST ) [38℄ wereused. The Levitus 
limatology is based on histori
al hydrographi
 data that are merged andspatially averaged. The Reynolds optimum interpolation (OI) SST analyses are produ
ed on aCopyright 
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16 I. HOTEITone-degree grid using buoy and ship data as well as satellite SST data. These \data" sets wereinterpolated onto the model grid �rst horizontally and then verti
ally using linear interpolationpro
edures.The 
ontrol ve
tor 
onsists of the model initial salinity S0, temperature T0, horizontalvelo
ities U0 and V0, and sea surfa
e height SSH0. The expli
it form of the the 
ost fun
tionis thenJ = �SSH � SSHTP�EGM96�TR�1TP�EGM96�SSH � SSHTP�EGM96�+ Xt=days �SSH 0(t)� SSH 0TP (t)�TR�1TP �SSH 0(t)� SSH 0TP (t)�+ Xt=months �SST (t)� SSTReynolds(t)�TR�1Reynolds�SST (t)� SSTReynolds(t)�+ Xt=months �T (t)� TLevitus(t)�TR�1TLevitus�T (t)� TLevitus(t)�+ Xt=months �S(t)� SLevitus(t)�TR�1SLevitus�S(t)� SLevitus(t)�+ �S0 � Sb0�TB�1S0 �S0 � Sb0� + �T0 � T b0 �TB�1T0 �T0 � T b0 �+ �U0 � U b0�TB�1U0 �U0 � U b0� + �V0 � V b0 �TB�1V0 �V0 � V b0 �+ [SSH0 � SSHb0 ℄TB�1SSH0 [SSH0 � SSHb0℄T :In this preliminary study, as in most appli
ations, measurement errors were assumed tobe spatially un
orrelated. Errors in the data are then only pres
ribed along the diagonal ofthe error 
ovarian
es. They have been approximated by the error pro�les for temperatureand salinity taken from Levitus data and by 50% of the data variability for the SSH . Asstated in se
tion 2.3, the ba
kground 
ovarian
e matrix is parametrized via a set of few EOFs.The EOFs need to be 
arefully 
hosen in order to eÆ
iently represent the variability of the
ontrol ve
tor. The 
hoi
e of the sample of realizations from whi
h the EOFs are 
omputed istherefore key for building an eÆ
ient redu
ed-order 4D-VAR system. In our 
ase, the modelinitial 
onditions are 
ontrol variables and the EOFs 
ould be 
omputed from a time series ofCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 17system state ve
tors, assuming that the stru
ture of the initial 
onditions errors is 
orrelatedwith the varian
es of the system state. Sin
e a sample of \true" system realizations is notavailable in pra
ti
e, we follow the 
ommon strategy of [34℄ and we 
ompute the EOFs from aset of model outputs. Of 
ourse, the resulting subspa
e will not 
over all the variability of the
ontrol variables. This means that some of the variability of the initial 
onditions will be in thenull spa
e, and will therefore not be explored by the optimization algorithm. This is, however,not a serious handi
ap for the present study, as we aim at demonstrating the possibility of usingan SA algorithm to determine a reasonable solution for a highly nonlinear 4D-VAR problem.As will be shown below, this restri
ted subspa
e sear
h will lead to a satisfa
tory redu
tionin the 
ost fun
tion in our experiments. Another bene�t from 
omputing the EOFs from asample of model realizations is that these fun
tions will respe
t the dynami
s of the model, andwill therefore improve the 
onsisten
y between the adjusted initial 
onditions and the modeldynami
s. This set of EOFs 
an always be enhan
ed in the future by adding realizations ofoptimized model outputs as suggested by [14℄.To sample realizations of model outputs, the model was �rst integrated for 2-year periodbetween January 1997 and De
ember 1998 to a
hieve a quasi-adjustment of the modeldynami
s to the NCEP interannual for
ing. Next, another integration of one year, beginningJanuary 1999 was 
arried out to generate a 'histori
al' sequen
e of model outputs sampledevery 3 days. Sin
e the variables needed to initialize the o
ean model have di�erent units,a multivariate EOF analysis was applied on the 120 retained model state ve
tors. In thisanalysis, all model variables were normalized by the square-root of their varian
es spatiallyaveraged over all model sea grid points. Figure 1 plots the fra
tion of the varian
e (often
alled inertia) 
aptured by the EOFs as a fun
tion of the dimension of the redu
ed spa
e(number of retained EOFs). Clearly, the �rst EOFs 
apture most of the variability of theCopyright 
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18 I. HOTEITmodel realizations, suggesting that only a few EOFs are needed to represent most of thevariability of the system. In the following, we retained 10 EOFs whi
h a

ount for almost 95%of the system total varian
e. The optimization was then performed in a subspa
e of dimension10 rather than 8; 975; 170.In order to apply the SA algorithm des
ribed in se
tion 2.2 to a spe
i�
 problem, one mustspe
ify the state spa
e, the neighbor sele
tion method, the probability transition fun
tion,and the annealing s
hedule. These 
hoi
es 
an have a signi�
ant impa
t on the method'se�e
tiveness. Inappropriate 
hoi
e of the parameters may 
ause the solution to be trapped atone of the lo
al minima. Sin
e it is pra
ti
ally impossible to theoreti
ally set the parameters ofthe SA algorithm, several experiments were performed with varieties of values to empiri
allydetermine an a

eptable set of parameters. We present here the one experiment that showsthe model �t in the best light, in term of overall de
rease in the total 
ost fun
tion. Readersare referred to the in-depth review of [12℄ for detailed dis
ussion on the variables used inthis algorithm. The values of the variables intrinsi
 to the algorithm that were used in theseanalyses were: initial step length v = 2, initial temperature T0 = 2:5�105, rate of temperature
hange � is 0:5. Maximum number of iterations was set to 500. The ba
kground state wastaken as the starting point for minimization, whi
h means that the ba
kground term J
 in the
ost fun
tion is zero at the initial time.3.3. Numeri
al resultsResults of assimilation experiments are now presented. We note that under the same setup,the optimization of the total 
ost fun
tion using the \full" adjoint method and a quasi-newton optimization algorithm was not su

essful be
ause of exponentially in
reasing adjointsensitivities that appeared after 2-3 months integration of the adjoint model [15℄.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 19The evolution of the total 
ost fun
tion J as a fun
tion of the number of optimization steps(number of model integrations) is plotted in Figure 2. A

epted steps are indi
ated by 
ir
les.Overall, the total 
ost fun
tion de
reased by about 60% after 150 optimization steps. This is asigni�
ant improvement in the model/data 
onsisten
y, given the strongly nonlinear 
hara
terof the 
ost fun
tion that prevented any improvement with the 
lassi
al adjoint method. A totalof 150 iterations with the SA algorithm is 
omparable to 30 iterations with the adjoint method,as one single iteration of the adjoint model requires about 5 times the CPU time of a forwardmodel run. More spe
i�
ally, a total number of 72 2:8GHZ PIV-Xean pro
essors were usedwith a wall 
lo
k of approximately 52 minutes and a total memory 
ost of about 9:8G for aforward run and 212 minutes and 37:8G for a ba
kward adjoint model run. For this parti
ular4D-VAR problem, this means that one iteration with adjoint method is equivalent to about 5(1 forward plus 4 ba
kward run) times the CPU time and 4 times the memory 
ost needed forone iteration with the SA algorithm. The de
rease in the total 
ost fun
tion is shown to be fastat the early optimization iterations and seems to stagnate after the 370th step. This is similarto the results usually obtained with an adjoint-based 4D-VAR in whi
h the most signi�
ant
ost fun
tion de
rease is attained by the early optimization steps. It is also in line with the
hara
ter of the optimization redu
ed subspa
e that explains the energeti
 variability of thesystem. After 500 iterations, the SA algorithm did not 
onverge and was stopped be
ausethe maximum number of steps had been rea
hed. Several uphill moves (� 55% of the totalnumber of steps) were randomly a

epted, whi
h might have helped the algorithm es
apinglo
al minima. As 
an be seen in Figure 2, steps that led to a large in
rease in the 
ost fun
tionwere often dis
arded be
ause of the rather 
onservative value of the initial temperature T0,whi
h means faster 
onvergen
e rate of the optimization at the risk of being trapped in a lo
almanifold. This 
hoi
e of T0 was adopted in order to obtain an a

eptable de
rease of the 
ostCopyright 
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20 I. HOTEITfun
tion at an a�ordable number of 
ost fun
tion evaluations, as we only aim to show thatthe use of an SA algorithm would enable the optimization of a strongly nonlinear 4D-VARproblem.The �nal de
rease for ea
h individual 
ontribution of the model/data di�eren
es in the total
ost fun
tion, in
luding full depth T , S, SST , and SSH is shown in Figure 3. Cost termswere normalized by the number of observations in the sum over time and/or spa
e, so a valueof 1 would roughly indi
ate that the solution �ts the data within the spe
i�ed un
ertainties.The overall improvement is found to be di�erent for ea
h model state variable. More pre
isely,the assimilation enhan
ed the model �t to the data by almost 65% with the Levitus T and S
limatology, 50% with the Reynolds SST reanalysis, and 36% and 3% respe
tively with theTOPEX mean and anomalies SSH data. Quite 
learly, the most signi�
ant improvement wasobtained for the temperature and salinity �elds. This is probably be
ause the 
ontrollability ofS and T is quite eÆ
ient with the model initial 
onditions even over relatively long assimilationperiods. This is parti
ularly true in the deep o
ean where the variability of these �elds is ratherweak. The large mis�t measuring the deviations of the model T and S from the Levitus datasets is another reason behind the good performan
e of the assimilation system with thesevariables. A

ordingly, the optimization worked on removing those large mis�ts during the�rst iterations. The �t to the SST �eld is less important but still 
onsequent. Con
erningthe SSH �eld, the assimilation redu
ed the model dis
repan
y with the mean TOPEX SSH�eld. However, it was not able to signi�
antly improve the �t of the model SSH �eld tothe TOPEX anomalies data. The restrained 
ontrollability of the SSH anomaly �eld by themodel initial 
onditions is probably one of the reasons behind this limited performan
e withSSH . The \smoothed" large-s
ale 
hara
ter and the small number of degrees of freedom ofthe EOF subspa
e might have also restri
ted the line sear
h for the solution, thus restri
tingCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 21the model �t to the small-s
ale variability observed in the TOPEX SSH anomalies. The use ofmore EOFs only marginally improved the assimilation results for this variable in the presentsetup while signi�
antly slowing the 
onvergen
e rate of the optimization. This is be
ause thelast EOFs are often 
ontaminated with spurious 
orrelations whi
h might even degrade therepresentativeness of the redu
ed 
ontrol spa
e [13℄. In summary, the assimilation was ableto improve the model �t to the data within the spe
i�ed observational errors ex
ept for theTOPEX SSH anomalies measurements. In
reasing the 
ontribution of the SSH term in thetotal 
ost fun
tion by dire
tly attributing larger weights to these measurements or indire
tlythrough the assimilation of in-situ subsurfa
e S and T data that is in balan
e with altimetrywould for
e the optimization algorithm to fo
us more on this term. The use of time-varyingfor
ing �elds as 
ontrol variables would provide more 
ontrollability of the model SSH allowingbetter �t to the assimilated TOPEX SSH measurements [15℄.The monthly-averaged normalized 
ost fun
tion for SST plotted in Figure 4 is small inJanuary, as the assimilation starts from �eld 
lose to the Levitus data, and then in
reases overtime as the model drifts from Reynolds SST . The assimilation eÆ
iently redu
es the drift andbrings the model 
lose to the observations over the 4-month assimilation period. The �t to thedata in the last two months is not as good as in the �rst two months. The spatial 
ontributionto the 
ost fun
tion summed over the entire interval is shown for the salinity term in Figure 5.The mis�ts were normalized by the mis�ts from the referen
e run (without assimilation), so avalue of 1 would indi
ate that the assimilation improves the �t to the data. It 
an be seen thatthe model/data mis�t is redu
ed over the entire domain. Normalized mis�t varian
e is highernear Indonesia, although it is less than 1. This is probably due to 
ompli
ated topographi
intera
tions in the region, the slow adjustment of salinity in the west, and from anomalies inthe 
limatology �elds near the 
oast.Copyright 
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22 I. HOTEITHistograms of the model/data mis�ts (residuals) are shown in Figure 6 from the referen
e runand the assimilation run for Reynolds SST and Levitus salinity. For the referen
e run, the meanand standard deviation of the residuals are 0:3oC and 0:38oC for Reynolds data and 0:21PSUand 0:3PSU for Levitus data. The statisti
s of the residual are improved by the assimilationwith smaller means 0:23oC and 0:12PSU , and more 
ompa
t standard deviations 0:3oC and0:21PSU for Reynolds SST and Levitus salinity, respe
tively. Moreover, the distribution ofthe assimilated residuals �ts a normal distribution better, suggesting that this `least-squares'�t is 
lose to being the estimator of maximum likelihood.Finally, to assess the �t to the assimilated observations in a more physi
al way, we 
ompareda zonal 
ross-se
tion of the mean temperature �eld at the equator from the referen
e andthe assimilation runs to the Levitus �eld (left panel of Figure 7). The thermo
line from thereferen
e run is shallower than in the data in the western part of the Pa
i�
 and deeper in theeastern part. The thermo
line tilt (and the Equatorial Under
urrent (EUC) that moves alongit) are thought to be strongly in
uen
ed by the wind stress [29℄. The assimilation improves thetilt of the thermo
line and enhan
es the agreement of the temperature �eld with 
limatology,even in the deep layers. This is to be expe
ted from the redu
tion in the temperature errorsseen in the 
ost fun
tion, sin
e these are not independent measurements.4. DISCUSSIONFour-dimensional variational (4D-VAR) assimilation problems are generally solved using anadjoint-based optimization algorithm. Su
h te
hniques are popular be
ause of their fast
onvergen
e rate toward the minimum, when properly pre
onditioned, and be
ause of theeÆ
ien
y of the adjoint method for determining the gradients of the 
ost fun
tion of the 4D-VAR problem with respe
t to the 
ontrol variables. The adjoint model provides the gradientsCopyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 23at the expense of few model integrations (about 5 in the present system). Re
ent studies haveseriously questioned the appli
ability of the adjoint method to assimilate data over long periodswith state-of-the-art strongly nonlinear atmospheri
 and o
eani
 models. In su
h systems, the
ost fun
tion be
omes far too irregular to be optimized with a gradient-based optimizationalgorithm sin
e these algorithms are only designed to 
onverge toward lo
al minima.In this study, a simulated annealing (SA) te
hnique was used to sear
h for the minimum ofthe 
ost fun
tion of a strongly nonlinear 4D-VAR o
ean problem. SA is a Monte-Carlo globaloptimization method that sto
hasti
ally explores the sear
h spa
e looking for the optimum ofthe 
ost fun
tion. Manifold 
hanges to es
ape lo
al minima are allowed with a probability thatgradually de
reases in the manner in whi
h metals re
rystallize in the pro
ess of annealing.Exploring the sear
h spa
e may however require a prohibitive number of model integrationsin modern atmospheri
 and o
eani
 appli
ations given the huge dimension of their 
ontrolve
tors. An order-redu
tion was then used to redu
e the dimension of the 
ontrol spa
e. Itis well-known that order-redu
tion generally leads to a drasti
 redu
tion in the dimension ofatmospheri
 and o
eani
 variables be
ause of the red spe
trum that governs the variabilityof these systems. Here, the redu
ed-order 
ontrol spa
e was determined via a set of empiri
alorthogonal fun
tions (EOFs). The EOFs were 
omputed from a histori
al set of model outputs,as the 
ontrol ve
tor in our appli
ation 
onsisted of the initial 
onditions of the model.The redu
ed-order SA approa
h was implemented to 
onstrain an eddy-permitting primitiveequation o
ean model of the tropi
al Pa
i�
 O
ean with 
limatology and satellite altimetrydata. In this same setup, the adjoint method failed to make any signi�
ant improvement in themodel/data 
onsisten
y over long assimilation windows (longer than 4 months for the presentsystem) be
ause of the appearan
e of exponentially in
reasing sensitivities in the adjoint modelafter only 2 � 3 months integrations. Su
h sensitivities were asso
iated with the existen
e ofCopyright 
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24 I. HOTEITa large number of tightly pa
ked lo
al minima in the 
ost fun
tion of this strongly nonlinear4D-VAR problem. Numeri
al experiments presented in this paper demonstrated the 
apabilityof the redu
ed-order SA approa
h in redu
ing the 
ost fun
tion while eÆ
iently es
aping fromlo
al minima. The overall total improvement of the model/data 
onsisten
y was more than50% after less than 150 optimization steps (model integrations). In terms of 
omputational
ost, this is 
omparable to 30 iterations with the adjoint method in our system. Con
entratingthe variability of the system in a few EOFs enhan
ed the system 
apability for spreading theinformation 
ontained in the observations, and 
ertainly helped improving the 
onvergen
e rateof the SA algorithm. The use of EOFs was also found to be bene�
ial in preventing the modelfrom �tting model noise and observational errors. The method failed, however, to signi�
antlyimprove the model SSH �t with TOPEX altimetry anomalies. This poor performan
e wasattributed to the weak 
ontrollability of the SSH �eld by the initial 
onditions, and by thelimited number of degrees of freedom of the line sear
h that prevented the model from �ttingeddy variability observed in the SSH measurements.The eÆ
ien
y of the redu
ed-order SA approa
h depends on two fa
tors: the quality of theredu
ed spa
e, and the available 
omputing resour
es. The performan
e of the system willalways be limited by the representativeness and the restri
ted number of degrees of freedom ofthe prior estimate of the 
ontrol subspa
e. Using lo
alization te
hniques of the 
ontrol subspa
e(analogously to subspa
e Kalman �lters) would enhan
e the performan
e of the method, butmay result in an in
rease of the dimension of the sear
h spa
e. The 
onvergen
e of the SAalgorithm 
an be diÆ
ult to rea
h given the restri
ted number of model integrations that
an be performed. This means that the solution obtained with this approa
h might not beoptimal, even in the redu
ed spa
e. Rea
hing optimality is however an over-optimisti
 goaland is never guaranteed, espe
ially when the optimization is applied in the full 
ontrol spa
e.Copyright 
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A REDUCED-ORDER SIMULATED ANNEALING APPROACH FOR 4D-VAR 25Our poor knowledge of the error 
ovarian
e matri
es also suggests that optimality is relative toour estimates of these matri
es. One should rather seek a satisfa
tory dynami
al solution thatsuÆ
iently �ts the data. Having this goal in mind, a redu
ed-order SA algorithm appears asa plausible approa
h to solve a strongly nonlinear 4D-VAR assimilation problem; it is easy toimplement and does not require the 
omplex development of the adjoint model. This approa
hprovided a

eptable results in the present study, and was able to improve the model/data
onsisten
y when the adjoint method 
ompletely failed under the same setup. It was also
apable to es
ape the numerous lo
al minima of this strongly nonlinear optimization problemand provided a satisfa
tory solution with an a�ordable number of model integrations. Severalstudies have suggested that the adjoint method might work if the �rst-guess is 
lose enoughto the minimum, assuming that the 
ost fun
tion is 
onvex in the manifold of the minimum.Another possible appli
ation of the redu
ed-order SA approa
h would be to �rst use it inorder to �nd the manifold of the minimum and then 
ontinue the optimization with the fulladjoint method to sharpen the minimum a
hieved via SA as suggested by [31℄. This studydemonstrated that an SA 
an be used in the 
ontext of a parti
ular high dimensional 4D-VARproblem. Further studies need to be 
ondu
ted with di�erent and further 
omplex setups, e.g.higher resolution models and assimilation of more multivariate data sets, for more evaluationof the eÆ
ien
y of the method and for better understanding of its performan
e.
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